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Abstract
Let G be a semisimple algebraic group over a local field K of characteristic p. If the universal
covering map Gsc → G is inseparable then no open subgroup of G(K) is finitely generated.
Otherwise, for any compact open subgroup G with probability 1 two randomly chosen elements
generate an open subgroup of G(K).
Our main tool is a recent theorem by R. Pink characterizing compact groups linear over a local
field.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In 1969, Dixon [Di] made the following conjecture.
Conjecture. Let G be a finite simple group and let P(G) be the probability that two
random elements generate G. Then P(G)→ 1 as |G| →∞.
In the same paper Dixon handled the case of alternating groups. Dixon’s conjecture has
been proved assuming classification of finite simple groups by Kantor–Lubotzky [KL] and
Liebeck–Shalev [LiSh]. In this paper we investigate the analogous question for semisimple
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only hope for topological generation and throughout the paper “generate” is always used
in this sense. If G is an open compact subgroup of an algebraic group G over a local
field, we can view it as a probability space with respect to the Haar measure. If G is
positive-dimensional, G is non-trivial and profinite and therefore contains a proper open
subgroup H. Since H has positive measure, the probability that two random elements
generate all of G is less than one. We therefore ask the following question.
Question 1. Do two independent uniformly distributed random elements of G generate an
open subgroup with probability one?
Shalev [Sh] predicted an affirmative answer when G is an open subgroup of a simply
connected semisimple algebraic group over a non-archimedean local field. In Theorem 3.1
we confirm this prediction. More generally, in Theorem 4.5 we give a general answer
to Question 1 for compact open subgroups of a semisimple algebraic group over a non-
archimedean local field.
Similar questions have been studied in the general theory of profinite groups. A profinite
group is called polynomial subgroup growth (PSG) if the number of open subgroups of
index n is bounded above by ns for some s.
Let Q(G, k) denote the probability that k elements chosen independently and uniformly
with respect to the Haar measure on G generate an open subgroup of G. In [Man] A. Mann
proved that if G is a PSG group then Q(G, k)= 1 for some k. In [MSh] Mann and Shalev
gave examples of groups which are not PSG for which Q(G, k)= 1 for some k. It is worth
noting that their examples are not pro-p groups. For pro-p groups PSG is equivalent to
p-adic analyticity (see [DDMS] for background on p-adic analytic pro-p groups). This
suggests the following question from [Man].
Question 2. If a pro-p group G satisfies Q(G, k) = 1 for some k, is it always p-adic
analytic?
It is known [LuSh] that G = SL13(Fp[[t]]), the first congruence subgroup of SL3(Fp[[t]]),
is a finitely generated pro-p group which is not p-adic analytic. By Theorem 3.1 we
conclude that Q(G,2)= 1 and G gives a negative answer to Question 2.
Recall that the lower rank of a profinite group G is defined as
lim inf
{
d(H) ∣∣Ho G
}
,
where H o G means that H is an open subgroup and d(H) denotes the minimal number
of generators of H. Notice that if Q(G, k)= 1 then the lower rank of G is  k. Therefore,
Theorem 4.5 provides linear pro-p groups with lower rank 2. The finiteness of the lower
rank was proved in greater generality by Lubotzky and Shalev [LuSh]. See also [Ba] where
the lower rank is proved to be 2, in some cases, using more elementary methods.
Throughout this paper, varieties will be reduced but not necessarily irreducible and
likewise, algebraic groups. On the other hand, semisimple groups will be assumed
connected.
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In this section we describe a recent theorem of Pink [Pi] which extends to positive
characteristic the classical results of Weyl and Chevalley characterizing the compact
subgroups of linear algebraic groups over local fields of characteristic zero.
A compact subgroup of a linear algebraic group overR is always an algebraic subgroup.
A linear algebraic group overC can be regarded by restriction of scalars as a group overR,
so there is nothing new to be said in this case. (Of course, we cannot expect a compact
subgroup to be a subgroup in the sense of linear algebraic groups over C.) For a linear
algebraic group G over Qp, the locally compact totally disconnected topological group
G(Qp) typically contains many compact open subgroups, all Zariski-dense, so at best we
can only hope that a general compact subgroup is an open subgroup of the Qp-points of
a linear group. This is too optimistic: compact subgroups of linear algebraic groups over
p-adic fields need not be open in their Zariski-closures; for example, if U denotes the set of
1-units in Z∗p and n is an irrational element of Zp , then {(u,un) | u ∈ U} is Zariski-dense
in Q2p =G2a(Qp)⊂ SL3(Qp). However, if we exclude this kind of behavior by assuming
that Γ is Zariski-dense in a semisimple algebraic group G where Γ ⊂G(Qp), then Γ is
again open in G(Qp). For a general p-adic field K and a subgroup Γ ⊂ G(K), we can
always regard Γ as a subgroup of G′(Qp), where G′ denotes the Weil restriction of scalars
of G from K to Qp. In every case, therefore, one can say that a compact Zariski-dense
subgroup of a semisimple algebraic group over a characteristic 0 local field can be realized
as an open subgroup of some (possibly different) semisimple group over some (possibly
smaller) local field.
One encounters several difficulties in trying to develop an analogous theory for
characteristic p local fields. First of all, there is no “smallest” local field in characteristic
p > 0; for example, the descending chain Fp((t)) ⊃ Fp((t2)) ⊃ Fp((t4)) ⊃ · · · never
stabilizes. Thus, one cannot once and for all restrict scalars to a base field. Second, in
characteristic 2 and 3 certain simple groups admit isogenies which are not compositions
of automorphisms and Frobenius maps. This is the analogue for local fields of the
phenomenon which gives rise to Suzuki and Ree groups in the finite field setting. In the
context of local fields, it gives rise to new families of compact Zariski-dense subgroups.
Finally, if G is a semisimple group with universal cover Gsc, it may happen that the
covering map π :Gsc →G is not separable. In this case, as we shall see in Section 4, the
homomorphism Gsc(K)→ G(K) has infinite (abelian) cokernel. Intersecting the image
of this map with any compact open subgroup of G(K), we obtain a new kind of compact
group which is not open in G(K) but whose inverse image in Gsc(K) is open.
To formulate a general structure theorem, we must therefore play off the simply
connected group against its adjoint quotient. Now, an adjoint semisimple group is always a
product of adjoint simple groups and these in turn can be obtained by extension of scalars
from absolutely simple adjoint groups. The points of such a product can therefore be
conveniently regarded as the points of an absolutely simple adjoint group over a finite
product of fields. The statement of Pink’s theorem [Pi, 0.2] is then as follows.
Theorem 2.1. Let K denote a finite product of local fields,Gad an absolutely simple adjoint
group over K , and Γ a compact subgroup of Gad(K) Zariski-dense in each factor. Let
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E ⊂ K which is again a finite product of local fields, an absolutely simple adjoint group
H ad over E, and an isogeny ϕad :H ad ×E K→Gad with universal cover ϕsc :H sc →Gsc
such that Γ ⊂ ϕad(H ad(E)) and the commutator subgroup of ϕsc−1(π−1(Γ )) is an open
subgroup of H sc(E).
Moreover, we can arrange matters so that ϕad is not divisible by the Frobenius map.
(Except in characteristics 2 and 3, this means that ϕad and ϕsc are isomorphisms.) With
this proviso, E, H , and ϕad are uniquely determined. Note that when K is a field, E is just
a local subfield. When K has several factorsKi , E is a product of subfields of Ej ⊂Ki , but
a single factor Ej of E may embed diagonally in a product of several different factors Ki .
Pink also gives an algorithm for computing E [Pi, 3.10]. Roughly speaking, E is
the closure of the ring generated by traces of (a suitable subquotient of) the adjoint
representation evaluated on elements of Γ . This construction has to be somewhat modified
in characteristic 2 however, and rather than try to adapt Pink’s result to our needs, we give
a self-contained development in the following section.
3. Subgroups of simply connected groups
In this section we prove the following theorem.
Theorem 3.1. Let G be a simply connected, semisimple algebraic group over a non-
archimedean local field K of characteristic p (p  0). Let G be a compact open subgroup
of G(K). The subset of G × G consisting of pairs (x, y) which do not generate an open
subgroup of G has measure zero.
We begin with the following lemma.
Lemma 3.2. Let G be a semisimple algebraic group over an algebraically closed field F .
There exists a countable set {X0,X1, . . .} of proper closed subvarieties of G with the
property that if γ belongs to G(F) but not to any Xi(F ), then the Zariski-closure of the
cyclic group 〈γ 〉 is a maximal torus of G.
Proof. Fix a maximal torus T of G. Group subschemes of T correspond to subgroups
of the character group X∗(T ) [SGA3, IX 8.1, X 1.4]. In particular, the set of algebraic
subgroups Ti ⊂ T is countable. The map
πi :G× Ti →G
sending (g, t) to gtg−1 factors through (G/T )× Ti , so for dimension reasons the Zariski-
closure Xi of im(πi) is a proper closed subvariety of G. Every regular semisimple element
of G(F) is conjugate to an element of T (F ) and every element in
T (F )
∖ ∞⋃
Ti(F )i=1
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open subvariety whose complement is the proper closed subvariety X0 [Bo, 12.3]. Thus,
every element in
G(F)
∖ ∞⋃
i=0
Xi(F )
generates a Zariski-dense subgroup of a maximal torus of G. ✷
Proposition 3.3. Let G be a semisimple group over an algebraically closed field F . Then
there exists a proper closed subvariety X ⊂ G×G such that ⋃H ×H ⊆ X, where the
union is taken over all proper algebraic subgroups H that contain a maximal torus.
Proof. Let T be a maximal torus of G, ST (G) the set of algebraic subgroups of G
containing T , and
NT (G)=
{
NormG
(
H ◦
) ∣∣H ∈ ST (G)
}⊂ ST (G).
Consider an element H ∈ ST (G), with identity component H ◦. Let BT (H ◦) denote the
set of Borel subgroups of H ◦ containing T . Every element of BT (H ◦) is a connected
solvable subgroup of G and is therefore contained in an element of BT (G). As G is
semisimple, |BT (G)| = |NormG(T )/T | is finite. For each B ∈ BT (G) there is a one-to-
one correspondence between closed subgroups of B containing T and closed T -stable
subgroups of the unipotent radical of B . By [Bo, 14.4(2)(a)], the set of such T -stable
subgroups is finite. We conclude that
⋃
H∈ST (G)
BT
(
H ◦
)
is finite. By [Bo, 13.7], the Borel subgroups of H ◦ containing T generate H ◦. Therefore,
NT (G) is finite. If M is a maximal subgroup containing T , then T ⊆M◦. We observe that
M = NormG(M◦) since a proper normal subgroup of a semisimple algebraic group cannot
contain a maximal torus of that group. Therefore, M ∈NT (G).
For each H ∈ NT (G), G acts diagonally by conjugation on G ×G and H stabilizes
H ×H . Thus, the Zariski-closure ZH of the image of the conjugation map
G× (H ×H)→G×G
has dimension less than or equal to dimG/H + 2 dimH < 2 dimG. By the conjugacy of
tori,
X =
⋃
H∈NT (G)
ZH
has the desired property. ✷
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an algebraically closed field F . The identifying representation ρ of G is the irreducible
2-dimensional representation if G is SL2 and the characteristic of F is 2. Otherwise it is
an irreducible subquotient of the adjoint representation. If G is of type Cn, n 2, and the
characteristic of F is 2, then it is the irreducible subquotient containing the shortest roots;
in all other cases, it is the irreducible subquotient containing the longest roots.
The purpose of the identifying representation is to give a simple criterion distinguishing
open subgroups of a simply connected algebraic group over a local field from certain other
Zariski-dense subgroups. In most cases it is the adjoint representation; in characteristic two
and three, we must exercise additional care to take non-standard isogenies into account.
Proposition 3.5. Let G be an absolutely simple, simply connected algebraic group over
a non-archimedean local field K . Then the identifying K-representation ρ of G has the
property that tr(ρ(G(K))) is contained in K and contains a non-empty open subset of K .
Proof. Let T be a maximal torus of G defined overK . As the set of roots of a given length
is invariant under all outer automorphisms of G, except in the case that G is a form of SL2
and the characteristic p = 2, the character χ := tr ◦ ρ|T is a K-morphism T → A1. For
forms of SL2 in characteristic 2, G is the group of norm-1 units of a quaternion algebra
over K and χ is the reduced trace map and therefore again defined over K . Of course,
in most cases ρ is the whole adjoint representation, in which case ρ itself is obviously
defined over K . For a description of the composition series of the adjoint representation in
the exceptional cases, see [Pi, 1.11].
We claim that χ is generically smooth. By definition [EGA, IV 17.3.7], smoothness
is an open property, so generic smoothness of a morphism of varieties can be checked at
the generic point, where it is equivalent to separability of the extension of function fields
[EGA, 0IV 19.6.1]. If p = 0, generic smoothness holds automatically.
For p > 0, the claim can be tested after changing base to an algebraic closure K
of K [EGA, IV 17.3.3(iii), IV 17.7.1(ii)], which means that we may assume that T
is split. The coordinate ring R of T over K can be written K[x±11 , . . . , x±1r ], where
x1 . . . xr is any basis of X∗(T ) and the field of fractions is K(x1, . . . , xr). A morphism
to A1 is given by an element u ∈ R, and by Mac Lane’s criterion, the corresponding
extension of fraction fields K(u) ⊂ K(x1, . . . , xr) is inseparable if and only if u1/p ∈
K(x1, . . . , xr), i.e., u ∈ K[x±p1 , . . . , x±pr ]. It follows that a sum of characters of a split
torus T over a field of characteristic p is generically smooth if and only if some element
of X∗(T ) \ pX∗(T ) appears with prime-to-p multiplicity. Every non-trivial character in ρ
appears with multiplicity one and by construction, none is divisible by p.
If t is a point at which χ is smooth, χ∗ maps the tangent space at t onto the tangent
space of χ(t) [EGA, IV 17.11.1(d)]. The proposition follows from [Mar, I 2.5.4(i)]. ✷
Corollary 3.6. Let G be an absolutely simple, simply connected algebraic group over
a non-archimedean local field K . Let E be a proper closed subfield of K . Let χ denote the
character of the identifying representation ρ. Then {x ∈G(K) | χ(x) ∈ E} is of measure
zero.
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of the irreducible algebraic group G. Such a subvariety automatically has measure zero
[Mar, I 2.5.1(iv)]. Without loss of generality we may therefore assume that [K : E]<∞.
Let G′ (respectively A′) denote the restriction of scalars of G (respectively A1) from K to
E and χ ′ the natural E-morphism from G′ to A′. As χ ′ is dominant, the corollary follows
immediately from [Mar, I 2.5.4(i)]. ✷
An absolutely simple, simply connected algebraic group G over a product of fields
K = K1 × · · · ×Kn is the same thing as a collection of such groups Gi over Ki . By the
identifying representation ρ of such a group, we mean the collection ρi of the identifying
representations of each Gi . The character of ρ then takes value in K .
Proposition 3.7. Let K be a finite product of non-archimedean local fields Ki . Let G
be an absolutely simple, simply connected algebraic group over K and ρ its identifying
representation. Let χ :G→ A1, defined over K , denote the trace of ρ. For any proper
closed semisimple subring E ⊂K , the set
{
x ∈G(K) ∣∣ χ(x) ∈E} has measure zero.
Proof. Each factor Ej maps into one or more factors Ki . If any such map fails to be
surjective, the set has measure 0 because it lies over a measure 0 subset of Gi(Ki). If any
Ej maps to two or more factors Ki , then the restriction of scalars G′ of G from K to E is
no longer simple over Ej . The elements of G(K)=G′(E) with χ(x) ∈ E lie in a simple
closed subgroup of G′, which again has measure zero by [Mar, I 2.5.1(iv)]. ✷
Proposition 3.8. Let φ :H →G denote an isogeny of absolutely simple, simply connected
algebraic group over a local field K of characteristic p > 0. If φ is not an isomorphism
and χ denotes the character of the identifying representation, then χ(φ(H(K)))⊂Kp.
Proof. This is clear if φ factors through Frobenius. The remaining cases are the non-
standard isogenies between Bn and Cn in characteristic 2, F4 → F4 in characteristic 2, and
G2 →G2 in characteristic 3. In each case, by construction of ρ all the weights of ρ ◦φ are
divisible by p. ✷
Proof of Theorem 3.1. Let π denote the quotient map from G to its adjoint group Gad.
Let Γ denote the group generated by x and y and Γ ad (respectively Gad) the image of Γ
(respectively G) by π . By Lemma 3.2, Proposition 3.3, and [Mar, I 2.5.1(iv)], the set of
(x, y) ∈ G × G such that Γ lies in a proper algebraic subgroup of G (or, equivalently, Γ ad
lies in a proper algebraic subgroup of Gad) has measure zero.
In order to apply Theorem 2.1, we replace G by an absolutely simple, simply
connected algebraic group and K by a product of local fields so that G(K) remains
unchanged. We conclude that there exists a closed semisimple subring E ⊂ K , a simple
adjoint group H ad over E with universal cover H sc, and a purely inseparable isogeny
ϕad :H ad ×E K → Gad with universal cover ϕsc :H sc ×E K → G such that Γ ad ⊆
ϕad(H ad(E)) and the commutator subgroup of ϕsc−1(π−1(Γ ad)) is open in H sc(E).
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set of possible closed subalgebras of K had been countable we could have applied
Proposition 3.7 directly, but as it is not, we proceed as follows. Let Ex be the ring of
fractions of the closure of the subalgebra of K generated by χ(x) and Ex,y the same thing
for the subalgebra generated by χ(x) and χ(y). If p > 0, by Corollary 3.6, the set of x in
G such that the projection pri of Ex onto any simple factor Ki of K is finite has measure
zero. If pri (Ex) is not finite or p = 0, then pri (Ex) topologically generates a local subfield
of Ki . We may therefore assume without loss of generality that [Ki : pri (Ex)] is finite for
all i . It follows that there are only finitely many subalgebras of K containing Ex ; after all,
there are only finitely many possibilities once the set of images under the pri is chosen and
only finitely many possibilities for each image.
By Proposition 3.7, for each Ex -algebra F properly contained in K , the probability
that χ(y) ∈ F is zero. By the Fubini theorem, the set of pairs (x, y) ∈ G × G such that
Ex,y = K has measure one. Since E ⊃ Ex,y , this implies E = K with probability one.
By Proposition 3.8, this further implies that ϕsc is an isomorphism, which means that
π−1(Γ ad) is an open subgroup of Gsc(K). Thus, the union of Γ z over all z in the center
of Gsc(K) is open. As Γ is a closed subgroup of finite index in an open subgroup, it is
open. ✷
4. Reduction to the universal cover
In this section G will denote a semisimple algebraic group over a local field K . We
write Z for the kernel of the universal covering map π :Gsc →G and |Z| for the degree
of π .
We are indebted to Kushnirski for calling our attention to the following lemma.
Lemma 4.1. If π :G→H is an inseparable isogeny of semisimple algebraic groups over
a local field K , then µ(π(G(K)))= 0 for any Haar measure µ on H(K).
Proof. Let n = dimG = dimH . As π is inseparable, π∗ :ΩnH → ΩnG is the zero map.
Any Haar measure µ on H(K) can be written as |ω| for some ω ∈ ΩnH . As π∗(ω) = 0,
π∗(µ)= 0, so µ(π(G(K)))= 0. ✷
Proposition 4.2. Let G denote a semisimple algebraic group over a non-archimedean local
field K and Gsc its universal covering group. The following conditions are equivalent:
(1) G(K)/π(Gsc(K)) is finite;
(2) G(K)/π(Gsc(K)) is finitely generated;
(3) the characteristic of K does not divide |Z|;
(4) the map Gsc(K)→G(K) is open.
Proof. The short exact sequence of group schemes
1 → Z→Gsc →G→ 1
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1 →Z(K)→Gsc(K)→G(K)→H 1f l(SpecK,Z)→H 1f l
(
SpecK,Gsc
)
.
As Z is killed by some positive integer n, the same is true ofH 1f l(SpecK,Z), so conditions
(1) and (2) are equivalent. Now, Z is étale if and only if the morphism Gsc → G is
separable, i.e., if and only if the characteristic does not divide |Z|. In this case finiteness is
well-known [Mi, III Table 6.8]. If it is not étale, by Lemma 4.1, π(Gsc(K)) has measure
zero with respect to Haar measure on G(K). Therefore, condition (1) does not hold. This
proves the equivalence of conditions (1) and (3). Finally, if π is étale, it is submersive in
the sense of [Bou, 5.9.1]. Therefore, it is open by [Bou, 5.9.4]. Conversely, if π is open,
π(Gsc) contains a subgroupU of finite index of a maximal compact subgroup ofG(K). By
Cartan decomposition [BT, Corollary 5], G(K) can be generated by U and finitely many
other elements. This implies condition (2). ✷
Proposition 4.3. If G satisfies the hypotheses of Proposition 4.2 and some compact open
subgroup of G(K) is finitely generated, then the equivalent conditions (1)–(4) hold.
Proof. Let U be a finitely generated compact open subgroup of G(K) and M a maximal
compact subgroup of G(K) containing U . By Cartan decomposition, G(K) can be
generated by U and finitely many other elements. The same is therefore true for every
quotient of G(K). This implies condition (2) and therefore the other three conditions as
well. ✷
Example 4.4. Consider the case G = PGLp, K = Fp((t)). The composition of the
determinant map and the quotient mapK∗ →K∗/(K∗)p gives a surjective homomorphism
GLp(K)→ K∗/(K∗)p , which factors through PGLp(K). The kernel is PSLp(K). Any
class in K∗/(K∗)p which is represented by a unit in K∗ lies in the image of PGLp(Fp[[t]]).
Thus,
PGLp
(
Fp[[t]]
)/(
PSLp
(
Fp((t))
)∩ PGLp
(
Fp[[t]]
)) ∼→ Fp((t))∗
/
tZ
(
Fp((t))
∗)p
is not finitely generated.
Theorem 4.5. Let G be a semisimple algebraic group over a field K in characteristic p.
Let G denote a compact open subgroup of G(K). Then Q(G,2)= 1 unless p divides |Z|
in which case G is not finitely generated.
Proof. By Proposition 4.3, if p divides |Z| then G is not finitely generated. Therefore, we
need only show that condition (3) implies Q(G,2)= 1.
Let m = |Z|. Multiplication by m is invertible on the Lie algebra of G, so the mth
power map ψm on G is étale at the identity and, therefore, generically. It follows that
ψm is submersive away from a set of measure zero. The pre-image of a set of measure
zero is therefore again of measure zero. Now, every element of ψm(G) lies in the compact
open subgroup U = G ∩ π(Gsc(K)) and π∗ of normalized Haar measure on π−1(G) is
10 Y. Barnea, M. Larsen / Journal of Algebra 271 (2004) 1–10normalized Haar measure on U . By Theorem 3.1, the set of pairs (x, y) ∈ G2 such that
there exist points x˜ ∈ π−1(ψm(x)) and y˜ ∈ π−1(ψm(y)) which generate an open subgroup
of π−1(G) has measure 1. As π is open, the condition that x˜ and y˜ generate an open
subgroup implies that π(x˜)= xm and π(y˜)= ym do the same (and therefore that x and y
do so). ✷
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